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Statistical properties of random distribution of strained vortices (Burgers’ vortices) in turbulence are
studied, and the scaling behavior of structure functions is investigated. It is found within the scale
range of interest (corresponding to the inertial range) that the third-order structure function is negative
and the scaling exponent is nearly unity in accordance with Kolmogorov’s four-fifths law. The inertial-
range scaling exponents are estimated up to the 25th order, which are in good agreement with those
obtained from experiments and direct numerical simulations once the probability distribution of the
vortex strength is taken into account. [S0031-9007(97)03840-4]
PACS numbers: 47.27.Gs, 47.27.Jv, 47.32.CcIn recent computer simulations and experiments of ho-
mogeneous isotropic turbulence at high Reynolds num-
bers, a number of elongated intense vortex structures are
observed to distribute randomly in space, which are often
called worms [1–5]. Each worm structure is found to be
approximately a Burgers’ vortex under local straining and
is responsible for the signals usually referred to as the in-
termittency [5]. Bearing this in mind, we investigate the
statistical properties of a model field associated with the
random distribution of Burgers’ vortices.
High Reynolds number flows are characterized by the
statistical properties of the velocity field ysxd and the
difference at two points x and x 1 s: Dysx, sd ­ ysx 1
sd 2 ysxd. Defining the longitudinal difference in the
direction s by
Dy,sx, sd ­ Dysx, sd ?
s
s
, (1)
where s ­ jsj, the pth-order longitudinal structure func-
tion Sp is given by Sp ­ ksDy,dpl, where k?l is an ensem-
ble average for a fixed s. In the homogeneous isotropic
turbulence, the structure function Sp follows a power law
in the inertial range of s:
Spssd ; kfDy,sx, sdgpl , szp , (2)
where zp is the scaling exponent of the pth-order structure
function.
The skewness S3ysS2d3y2 in turbulence is always found
to be negative for small s. The negative skewness is
related to the enstrophy production [6] and the non-
Gaussian statistics of the velocity derivatives [7]. An
example of a vortex under external straining (consid-
ered below) has such negative skewness. In particular,
the third-order structure function is described by Kol-
mogorov’s four-fifths law [8,9],
ksDy,d3l ­ 2
4
5
«s ­ 2
4
5
nv2s , (3)
for the values of s in the inertial range, where the rate of
energy dissipation « is replaced by an equivalent form
« ­ nv2, v being the rms vorticity. The parameter0031-9007y97y79(7)y1257(4)$10.00« may be termed more appropriately as the energy
transfer across a wave number in the inertial range. In
Kolmogorov 1941 theory [10], the average kjDy,jl at
the scale s in the inertial range is given by dimensional
arguments as kjDy,jl , s«sd1y3, and, in general, the
exponent zp is represented as zp ­ py3 (referred to as
K41 below).
According to the scenario of Kambe and Hosokawa
[11], the present analysis aims at clarifying statistical
properties of a mathematical model endowed with a
characteristic of the isotropic homogeneous turbulence,
namely a random system of strained vortices. This
approach is consistent with the idea of the multifractal
model of turbulence field. It is assumed that, in the
limit of large Reynolds numbers, there is an invariant
measure of the Navier-Stokes turbulence, for which a
probability distribution function Pss, Dy,d is defined [9].
The pth-order structure function Sp is expressed as an
integral Spssd ­
R
sDy,dpPss, Dy,ddDy,, which leads to
a power law in a certain interval of s corresponding to the
inertial range, as actually obtained below for the present
model.
Recently a phenomenological step was advanced [12–
14]. This is a statistical model taking into account a
hierarchy of fluctuating vortex-filament structures which
is found to have properties of the log-Poisson statistics.
The resulting exponent of the pth-order structure function
is given as zp ­ py9 1 2 2 2s2y3dpy3, which is found
to be near the direct numerical simulation (DNS) [1] and
the experimental observation [15,16].
Turbulence is regarded as a field of rate of strain. At
each point, three principal rates of strain, a, b, and g,
are defined, and they satisfy the relation a 1 b 1 g ­ 0
by the solenoidality of the velocity field. Assuming the
property a $ b $ g, we always have a $ 0 and g # 0.
The intermediate eigenvalue b takes either a positive or
negative value.
We consider a velocity field of a strained vortex. The
vorticity distribution is assumed to have only the axial
component vsrd in the cylindrical coordinate system© 1997 The American Physical Society 1257
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with the axial component vsrd specified later. The
velocity associated with v is yv ­ s0, yusrd, 0d, having
only the azimuthal component yusrd. This vortex is
exposed to an irrotational straining field given by ye ­
s2ar , 0, 2azd satisfying the solenoidal property. The total
flow field y is the superposition of yv and ye:
ysxd ­ s2ar , yusrd, 2azd . (4)
Local principal rates of strain e1, e2, and e3 of the veloc-
ity field ysxd are readily calculated as e1 ­ 2a 1 jeruj,
e2 ­ 2a, and e3 ­ 2a 2 jeruj, where eru ­ fy0usrd 2
r21yusrdgy2. If jaj is sufficiently small compared with
jeruj, then a ­ e1, b ­ e2, and g ­ e3. In the follow-
ing, the parameter a is assumed to be positive.
In this circumstance, it can be shown [17] that, with
an arbitrary initial axisymmetric distribution, the axial
vorticity vsrd (only nonzero component) tends to the final
steady distribution vBsrd asymptotically as t ! ‘:
vBsrd ­
G
pr2b
exps2rˆ2d ,
yusrd ­
G
2prb
1 2 exps2rˆ2d
rˆ
,
(5)
where rˆ ­ ryrb, rb ­ s2nyad1y2, and G is the strength.
This is the Burgers’ vortex of radius rb [18] (Fig. 1).
The vortex axes are randomly oriented spatially in
isotropic turbulence. In the present single-worm case,
the average is taken over a sphere centered at a chosen
reference point x. For example, local third-order mo-
ment sˆ3 ­ ks›y,y›sd3lspjs­0 (skewness without normali-
zation) of the longitudinal derivative at x is calculated
[19,20] as sˆ3 ­ s8y35de1e2e3 ­ 2s16y35dase2ru 2 a2d,
where the spherical average k?lsp is an integral over the
solid angle with respect to the direction s divided by 4p .
It is found that, for a pure vortex yv without any ex-
FIG. 1. The local energy dissipation rate «loc, the axial
vorticity vB, and the azimuthal velocity yu of the Burgers’
vortex for RG ; Gyn ­ 2000 normalized by n ­ 0.1.1258ternal strain (hence a ­ 0), sˆ3 is zero, while the con-
verse case of a pure straining ye without the vortex
(thus eru ­ 0), sˆ3 ­ s16y35da3 is positive. However,
the composite flow field considered above gives a nega-
tive sˆ3 as far as jeruj . a. Therefore the space sur-
rounding the intense vortex under the straining of ye
is characterized as a field of negative skewness. The
local rate of energy dissipation is given as «locsrd ­
nh12a2 1 s2erud2j, where 2eru ; y0usrd 2 r21yusrd ­
sGypr2bd hexps2rˆ2d 2 rˆ22f1 2 exps2rˆ2dgj. If Gyspr2bd
is sufficiently large compared with a, the energy is
strongly dissipated at about rb , while at the center of
the vortex it is scarcely dissipated. Taking an aver-
age of the local third-order moment over a spherical
surface of radius s ­ jsj, we have ksDy,d3lsp ø sˆ3s3
when s is sufficiently small. Owing to the solenoidal
property of the velocity, the average kDy,lsp vanishes
identically.
Next, we investigate the behavior of the longitudinal
velocity difference Dy,ssd at large distances, in particu-
lar, the general pth-order structure functions. Fixing a
reference point x at sr0, 0, z0d in the cylindrical system K1
sr , u, zd, we define spherical polar coordinates K2 ss, z , fd
centered at x to represent the relative position of the point
x 1 s, where z is the polar angle and f is the azimuthal
angle. For the velocity field (4) and (5), the longitudinal
velocity difference is represented as
Dy,sx, s, z , fd ­ ass3 cos2 z 2 1d
1 r0W sr , r0d sin z sinf , (6)
where W sr , r0d ­ r21yusrd 2 r210 yusr0d. The spherical
average is calculated by
ksDy,dplspsx, sd ;
1
4p
Z p
2p
df
Z p
0
sDy,dp sin z dz .
(7)
This average will depend on the point x as well as the
separation vector s and have different scaling behaviors
with respect to s at different x’s, in accordance with the
multifractal aspect.
The statistical average k?l is taken first by the spherical
average k?lsp with respect to the running point x 1 s,
and second by the volume average with respect to the
reference point x:
k?l ssd ­
1
pR20Dz
Z Dz
0
dz0
Z R0
0
k?lsp2pr0dr0 (8)
(the average with respect to z0 is trivial). Thus we obtain
the statistical properties of isotropy and homogeneity from
the velocity field (4).
The structure functions are estimated for three different
strengths of the Burgers’ vortex with RG ; Gyn ­ 600,
2000, and 10 000. In Fig. 2, the third-order structure
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RG ­ 600, 2000, 10 000 with n ­ 1. Straight lines with unit
slope are obtained from Kolmogorov’s four-fifths law (3).
functions are shown. At small distances syrb , 1, the
function S3ssd is proportional to s3 as anticipated for
the continuous smooth field. However, for syrb . 1 the
function S3ssd shifts to another scaling law of a different
slope. It is found that the third-order scaling exponent
z3 in the second scaling range is about unity and almost
independent of the magnitude of RG . Straight lines with
unit slope are obtained from Kolmogorov’s four-fifths law
(3), where the mean energy dissipation rate is defined as
« ­ spR20d21
RR0
0 «locsr0d2pr0dr0. The limit of the r0
integral is given by R0 ­ 2.5rb so as to be consistent
with the four-fifths law for the second scaling range. The
first scaling range of the exponent 3 is identified as the
viscous range, and the second range of the exponent 1 is
identified as the inertial range which is wider for larger
RG . In Fig. 3, the scaling exponents zp up to p ­ 25
are shown for the three values of RG , and compared
with those of K41 and the log-Poisson model. Increasing
FIG. 3. The exponents zp of the structure functions for RG ­
600, 2000, 10 000 with K41 [10] and the log-Poisson model
[12–14].the magnitude of RG , the exponents zp decrease more
below the K41’s. The even-p exponents fall lower
than the line of the odd-p exponents, which is in
agreement with the general behavior of the experimental
data [15].
The probability distribution functions of the vortex
Reynolds number RG and the Burgers’ radius rb in turbu-
lence are estimated by Jimenéz et al. [2] in DNS and by
Belin et al. [5] experimentally. In particular, distributions
of the normalized values RGyR
1y2
l are independent of the
Reynolds number Rl based on the Taylor microscale l.
Taking the probability distribution into account, the struc-
ture functions are estimated [21]. In Figs. 4 and 5, the
behaviors of such structure functions are illustrated. It
is observed that there exist two scaling ranges in each
structure function, in which the second one corresponds
to the inertial range. Here the inertial range is defined
as the range within which the variance of the third-order
structure function, with respect to the four-fifths law, is
least. In Fig. 6, the scaling exponents in the inertial
range are plotted and compared with those obtained from
other models, DNS, and experiments. It is found that the
present analysis can predict the scaling exponents which
are remarkably coincident with those of DNS [1] and the
experiments [15,16].
If the vortex is absent (therefore yu ­ 0), we have
Spssd ­ Cpapsp ~ sp from Eqs. (6) and (7), where Cp
is a constant. On the other hand, if the external strain is
absent (therefore a ­ 0), we find that the structure func-
tions of the odd order are identically zero by the anti-
symmetric property of Eq. (6). Hence the present scaling
exponents consistent with the homogeneous isotropic tur-
bulence have resulted from the combined field of the vor-
tex and the turbulence straining.
FIG. 4. The first-, second-, and third-order structure
functions for Rl ­ 2000. The region between the dot-
dashed lines is regarded as inertial range. The solid line
is given by Kolmogorov’s four-fifths law (3) with « ­
spR20 d21
R‘
0 dRG
RR0
0 «locsRG , rdPsRGd2prdr , and dashed
lines are the least-log-square fits within the inertial range.1259
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inertial range for Rl ­ 2000.
The present study is summarized as follows.
(1) It is found from the velocity field of a random dis-
tribution of Burgers’ vortices that the third-order structure
function is negative in the inertial range and the scaling
exponent is nearly unity and independent of the vortex
Reynolds number RG , and that the second-order structure
function has the scaling exponent of about two-thirds, in
accordance with the general turbulence properties.
(2) The scaling exponents of the high-order structure
functions deviate increasingly below K41 as RG becomes
larger. A Burgers’ vortex in turbulence causes, more
and more, the degree of intermittency in the field as its
strength gets larger.
(3) The scaling exponents zp are in good agreement
with the experiments and DNS data once the probability
FIG. 6. The exponent zp of the structure function for Rl ­
2000 with K41 [10], log-Poisson model [12–14], DNS for
Rl ­ 200 by Vincent and Meneguzzi [1], a wind tunnel
experiment for Rl ­ 200 by Stolovitzky et al., obtained from
taking the pollution of viscous range into account [15], and a
helium gas experiment for Rl ­ 2000 by Belin et al., obtained
by use of extended self-similarity [16].1260distribution of RG (taken from experiment and DNS) is
taken into account.
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